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Abstract
In this article a nonlocal elliptic problem involving p-Laplacian on
unbounded domain is considered. Using variational methods and under
suitable conditions, the existence of a sequence of radially symmetric
weak solutions (in two different cases) is proved.
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1 Introduction
The theory of partial differential equations is a one of the powerful theories
in mathematics. On one side, this theory is used to model a wide variety
of physically significant problems arising in every different areas such as
physics, engineering and other applied disciplines (see [7, 11, 12, 17, 23–35]),
and on the other side PDE’s can be considered as an instrument in the
development of other branches of mathematics.
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Many problems of mathematical physics and variational calculus are
often very complicated. In all of them it is not sufficient to deal with the
classical solutions of differential equations. In fact, in the twentieth century,
however, it was observed that the space Ck was not exactly the right space
to study solutions of differential equations. Although, solutions in Ck are
nicer but it seems people are happy with obtaining weak solutions in some
Sobolev space which are the modern replacement for these spaces that only
satisfy the weak formulation. Therefore, Sobolev spaces play an important
role in the theory of partial differential equations. Since then, the study of
the weak solution in other spaces such as Orlicz-Morrey space and B˙−1∞,∞
space is a research problem (see [8–10]).
Laplace equation is the prototype for linear elliptic equations, as the
most important partial differential equation of the second order. This equa-
tion has a non-linear counterpart, the so-called p-Laplace equation (see
[1,13,14,18,19,21,22]). There has been a surge of interest in the p-Laplacian
in many different contexts from game theory to mechanics and image pro-
cessing. Recently, a great attention has been focused on the study of non-
local operators of elliptic type (for example [19, 20]), both, for research in
pure Mathematics and for concrete real world applications. From a phys-
ical point of view, the nonlocal operators play a crucial role in describing
several phenomena such as, the thin obstacle problem, optimization, ma-
terial science, geophysical fluid dynamics and mathematical finance, phase
transitions, water waves.
In this article we consider the following problem{
−M
(∫
RN
|∇u(x)|p dx+
∫
RN
|u(x)|pdx
)
(∆pu+ |u|
p−2u) = λf(x, u) in RN ,
u ∈W 1,p(RN )
(1.1)
where p > N > 1, (RN , |.|) is the usual Euclidean space andM : [0,+∞[→ R
is a continuous function and there exist two positive constants m0 and m1
such that m0 ≤ M(t) ≤ m1 for all t ≥ 0. We assume that f : R
N × R → R
is an L1-Carathe´odory function and λ > 0 is a real parameter. Also ∆pu :=
div(|∇u|p−2∇u) denotes the p-Laplacian operator. This equation is related
to the stationary version of the Kirchhoff equation
ρ
∂2u
∂t2
− (
P0
h
+
E
2L
∫ L
0
|
∂u
∂x
|2dx)
∂2u
∂x2
= 0, (1.2)
proposed by Kirchhoff in 1883. This equation is an extension of the classical
d’Alembert’s wave equation by considering the effects of the length changes
of the string produced by transverse vibrations. Since the first equation in
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(1.1) contains an integral over RN , it is no longer a pointwise identity, and
therefore it is often called a nonlocal problem. This problem models several
physical and biological systems, where u describes a process which depends
on the average of itself, such as the population identity, (for example see [6]).
The parameters in (1.2) have the following meanings: h is the cross-section
area, E is the Young modulus, ρ is the mass density, L is the length of
the string, and P0 is the initial tension. In recent years, p-Kirchhoff type
problems have been studied by many researchers, (for example see [19,20]).
Beside elliptic problems with boundary conditions on bounded domain of RN
which have extensive applications in different parts of scient and have been
considered by many authors recently, see [21, 22], some elliptic problems
arise on unbounded domain RN , see [5, 38]. It is worth mentioning that
one of the difficulties in studying problems on unbounded domains is that
there is no compact embedding for W 1,p(RN ). Although, we can use the
continuous embedding W 1,p(RN) →֒ L∞(RN) from Morrey’s theorem, it is
far from being compact. Considering, a crucial embedding result due to
Krista´ly and principally based on a Strauss-type estimation which shows
W
1,p
r (RN ) →֒ L∞(RN ) is compact whenever 2 ≤ N < p < +∞, where
W
1,p
r (RN ) is a subspace of radially symmetric functions of W 1,p(RN ), we
prove the existence of a sequence of radially symmetric weak solutions for
(1.1) which is a nonlocal elliptic problem in the unbounded domain RN .
2 Preliminaries
In this part we remind some definitions and theorems as follows:
Definition 2.1. The function f : RN × R→ R is said to be a
L1-Carathe´odory function, if
(A1) the function x 7→ f(x, t) is measurable for every t ∈ R,
(A2) the function t 7→ f(x, t) is continuous for a.e. x ∈ R
N ,
(A3) for every h > 0 there exists a function ℓh ∈ L
1(RN ) such that
sup|t|≤h |f(x, t)| ≤ ℓh(x), for a.e. x ∈ R
N .
Definition 2.2. For fixed λ, a function u : RN → R is said to be a weak
solution of (1.1), if u ∈W 1,p
(
R
N
)
and for every v ∈W 1,p
(
R
N
)
M(‖u‖W 1,p(RN ))(
∫
RN
|∇u(x)|p−2∇u(x).∇v(x)dx +
∫
RN
|u(x)|p−2u(x)v(x)dx)
−λ
∫
RN
f(x, u(x))v(x)dx = 0,
where ‖u‖W 1,p(RN ) :=
(∫
RN
|∇u(x)|pdx+
∫
RN
|u(x)|pdx
)1/p
.
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Later on, w define a functional energy where its the critical points are
exactly the weak solutions of (1.1).
Morrey’s theorem, implies the continuous embedding
W 1,p(RN) →֒ L∞(RN), (2.1)
which says that there exists c := 2pp−N , such that ‖u‖∞ ≤ c‖u‖W 1,p(RN ), for
every u ∈ W 1,p(RN), where ‖u‖∞ := esssup
x∈RN
|u(x)|, for every u ∈ L∞(RN ).
Since in the low-dimensional case, every function u ∈ W 1,p(RN ) admits a
continuous representation (see [3, p.166]. In the sequel we will replace u by
this element.
We need the following notations (see [4] for more details):
(I) O(N) stands for the orthogonal group of RN .
(II) B(0, s) denotes the open N -dimensional ball of center zero, radius
s > 0 and standard Lebesgue measure, meas(B(0, s)).
Definition 2.3.
• A function h : RN → R is radially symmetric if h(gx) = h(x), for
every g ∈ O(N) and x ∈ RN .
• Let G be a topological group. A continuous map ξ : G × X → X :
(g, x) → ξ(g, u) := gu, is called the action of G on the Banach space
(X, ‖.‖X ) if
1u = u, (gm)u = g(mu), u 7→ gu is linear.
• The action is said to be isometric if ‖gu‖X = ‖u‖X , for every g ∈ G.
• The space of G-invariant points is defined by
Fix(G) := {u ∈ X : gu = u, for all g ∈ G}.
• A map m : X → R is said to be G-invariant if mog = m for every
g ∈ G.
The following theorem is important to study the critical point of the
functional.
Theorem 2.4. (Palais (1979)) Assume that the action of the topological
group G on the Banach space X is isometric. If J ∈ C1(X : R) is G-
invariant and if u is a critical point of J restricted to Fix(G), then u is a
critical point of J .
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The action of the group O(N) onW 1,p(RN ) can be defined by (gu)(x) :=
u(g−1x), for every g ∈ W 1,p(RN ) and x ∈ RN. A computation shows that
this group acts linearly and isometrically, which means ‖u‖ = ‖gu‖, for
every g ∈ O(N) and u ∈W 1,p(RN ).
Definition 2.5. The subspace of radially symmetric functions of W 1,p(RN)
is defined by
X :=W 1,pr (R
N ) := {u ∈W 1,p(RN ) : gu = u, for all g ∈ O(N)},
and endowed by the norm ‖u‖r :=
(∫
RN
|∇u(x)|pdx+
∫
RN
|u(x)|pdx
)1/p
.
The following crucial embedding result due to Krista´ly and principally
based on a Strauss-type estimation (see [36]) (Also see [15, Theorem 3.1], [16]
and [37] for related subjects).
Theorem 2.6. The embedding W 1,pr (RN ) →֒ L∞(RN ), is compact whenever
2 ≤ N < p < +∞.
Here we consider the following functionals:
• F (x, ξ) :=
∫ ξ
0 f(x, t)dt, for every (x, ξ) ∈ R
N × R,
• M̂(t) :=
∫ t
0 M(s)ds, for every t > 0,
• Φ(u) := 1pM̂(‖u‖
p
r) for every u ∈ X,
• Ψ(u) :=
∫
RN
F (x, u(x))dx, for every u ∈ X,
• Iλ(u) := Φ(u)− λΨ(u) for every u ∈ X.
By standard arguments [4], we can show that Φ is Gaˆteaux differentiable,
coercive and sequentially weakly lower semicontinuous whose derivative at
the point u ∈ X is the functional Φ′(u) ∈ X∗ given by
Φ′(u)(v) =M(‖u‖pr)(
∫
RN
|∇u|p−2∇u.∇vdx+
∫
RN
|u|p−2uvdx),
for every v ∈ X. Also standard arguments show that the functional Ψ is
well defined, sequentially weakly upper semicontinuous and Gaˆteaux differ-
entiable whose Gaˆteaux derivative at the point u ∈ X and for every v ∈ X
is given by,
Ψ′(u)(v) =
∫
RN
f(x, u(x))dx.
In the last part of this section we recall the following theorem [2, Theorem
2.1].
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Theorem 2.7. Let X be a reflexive real Banach space, let Φ,Ψ : X → R
be two Gaˆteaux differentiable functionals such that Φ is sequentially weakly
lower semicontinuous, strongly continuous and coercive, and Ψ is sequen-
tially weakly upper semicontinuous. For every r > infX Φ, put
ϕ(r) := inf
Φ(u)<r
supΦ(v)<r Ψ(v)−Ψ(u)
r −Φ(u)
,
γ := lim inf
r→+∞
ϕ(r), and δ := lim inf
r→(infX Φ)+
ϕ(r).
Then the following properties hold:
(a) for every r > infX Φ and every λ ∈]0,
1
ϕ(r) [, the restriction of the
functional
Iλ := Φ− λΨ
to Φ−1(] − ∞, r[) admits a global minimum, which is a critical point
(local minimum) of Iλ in X.
(b) if γ < +∞, then for each λ ∈]0, 1γ [, the following alternative holds
either,
(b1) Iλ possesses a global minimum, or
(b2) there is a sequence {un} of critical points (local minima) of Iλ
such that
lim
n→+∞
Φ(un) = +∞,
(c) if δ < +∞, then for each λ ∈]0, 1δ [, the following alternative holds
either:
(c1) there is a global minimum of Φ which is a local minimum of Iλ.
or,
(c2) there is a sequence {un} of pairwise distinct critical points (local
minima) of Iλ which weakly converges to a global minimum of Φ,
with
lim
n→+∞
Φ(un) = inf
u∈X
Φ(u).
3 Multiple solutions
In this part in order to present our main results we consider some assump-
tions as follows. For fixed D > 0, let
m(D) := meas(B(0,D)) = DN
π
N
2
Γ(1 + N2 )
,
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where Γ is the Gamma function defined by Γ(t) :=
∫ +∞
0 z
t−1e−zdz for all
t > 0. Moreover,
k :=
1
m1m(D)cp
(
σ(N,p)
Dp + g(p,N)
) ≥ 0, (3.1)
where σ(N, p) := 2p−N (2N − 1), c = 2p2−N , m1,m0 are upper and lower
bounds for M(t) in (1.1) and
g(p,N) :=
1 + 2N+pN
∫ 1
1
2
tN−1(1− t)pdt
2N
.
Let ‖ · ‖1 denotes the norm of L
1(Ω), we present our first result as the
following theorem.
Theorem 3.1. Let f : RN × R → R be an L1- Carathe´odory function, f
is radially symmetric with respect to first component, F (x, t) ≥ 0 for every
(x, t) ∈ RN × R+ and A < km0B, where A := lim infξ→∞
‖ℓξ‖1
ξp−1 , B :=
lim supξ→∞
∫
B(0, D2 )
F (x,ξ)dx
ξp , ℓξ ∈ L
1(RN) and k are given by (2.1) and (3.1),
respectively. Then for every
λ ∈ Λ :=
]
m1m(D)
B
(
σ(N, p)
pDp
+
g(p,N)
p
)
,
m0
pcpA
[
,
there exists an unbounded sequence of radially symmetric weak solutions for
(1.1) in X.
Proof. For fixed λ ∈ Λ, we consider Φ, Ψ and Iλ as in Section 2. Knowing
that Φ and Ψ satisfy the regularity assumptions in Theorem (2.7). In order
to study the critical points of Iλ in X, we show that λ <
1
γ < +∞, where
γ = lim inf
r→+∞
φ(r).
Let {tn} be a sequence of positive numbers such that limn→∞ tn = +∞
and
A = lim
n→+∞
‖ℓtn‖1
tn
p−1 .
Set rn :=
m0tn
p
pcp
, for all n ∈ N. Considering Theorem 2.6 (by relation (2.1)),
one has
Φ−1(]−∞, rn[) = {v ∈ X; Φ(v) < rn}
= {v ∈ X; ‖v‖r < (
prn
m0
)
1
p }
⊂ {v ∈ X; ‖v‖∞ < tn}.
(3.2)
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Since Φ(0) = Ψ(0) = 0, we have
ϕ(rn) = inf
Φ(u)<rn
(supΦ(v)<rn Ψ(v))−Ψ(u)
rn − Φ(u)
≤
sup‖v‖∞<tn
∫
RN
F (x, v(x))dx
m0tn
p
pcp
≤
pcp
m0
‖ℓtn‖1
tn
p−1 .
Hence, it follows that
γ = lim inf
n→+∞
ϕ(rn) ≤
pcp
m0
lim inf
n→+∞
‖ℓtn‖1
t
p−1
n
=
pcp
m0
A < +∞.
Also, from λ ∈ Λ, one has
1
λ
> pc
p
m0
A, and we get λ <
1
γ
.
Now, we show that Iλ is unbounded from below. Let {dn} be a sequence of
positive numbers such that limn→+∞ dn = +∞ and
B = lim
n→+∞
∫
B(0,D
2
) F (x, dn)dx
dn
p . (3.3)
Assume {vn} ⊂ X defined by
vn(x) :=

0 RN \B(0,D)
dn B(0,
D
2 )
2dn
D
(D − |x|) B(0,D) \B(0, D2 ),
for every n ∈ N. By a similar argument and compuations in [4, P.1017] one
can show that
‖vn‖
p
r = d
p
nm(D)
(
σ(N, p)
DP
+ g(p,N)
)
.
Condition (i), implies∫
RN
F (x, vn(x))dx ≥
∫
B(0,D
2
)
F (x, dn)dx,
for every n ∈ N . Therefore
Φ(vn) ≤
m1
p
‖vn‖
p
r =
m1
p
m(D)dpn
(
σ(N, p)
Dp
+ g(p,N)
)
.
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Let
α := m1m(D)
(
σ(N, p)
pDP
+
g(p,N)
p
)
.
If B < +∞, for every ε ∈ (
α
λB
, 1) and ε′ := (1− ε)B > 0, (3.3) implies that
there exists Nε such that for all n > Nε,
(ε− 1)B <
1
d
p
n
∫
B(0,D
2
)
F (x, dn)dx−B < (1− ε)B.
So ∫
B(0,D
2
)
F (x, dn)dx > εBd
p
n, for all n > Nε.
Therefore for every n > Nε,
Iλ(vn) ≤ m1d
p
nm(D)
(
σ(N, p)
pDp
+
g(p,N)
p
)
− λεBdpn
= dpn(α− λεB).
Hence, limn→∞ Iλ(vn) = −∞.
If B = +∞, let L >
α
λ
. From (3.3) there exists NL such that for all n > NL,∫
B(0,D
2
)
F (x, dn)dx > Ld
p
n.
Thus
Iλ(vn) ≤ d
p
nα− λLd
p
n = d
p
n(α− λL),
for every n > NL, which shows that
lim
n→∞
Iλ(vn) = −∞.
Now, Theorem 2.7 (b) implies, the functional Iλ admits an unbounded se-
quence {un} ⊂ X of critical points. Considering Theorem 2.4, these criti-
cal points are also critical points for the smooth and O(N)-invariant func-
tional Iλ : W
1,p
(
R
N
)
→ R. Therefore, there is a sequence of radially
semmetric weak soluitions for the problem (1.1), which are unbounded in
W 1,p
(
R
N
)
.
Here we prove our second result which says that under different condi-
tions the problem (1.1) has a sequence of weak solutions, which converges
weakly to zero.
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Theorem 3.2. Let f : RN × R → R be an L1- Carathe´odory function,
f is radially symmetric with respect to first component, F (x, t) ≥ 0 for
every (x, t) ∈ RN × R+ and A′ < km0B
′ where A′ := lim infξ→0+
‖ℓξ‖1
ξp−1
,
B′ := lim supξ→0+
∫
B(0, D2 )
F (x,ξ)dx
ξp , ℓξ ∈ L
1(RN) and k are given by (2.1) and
(3.1), respectively. Then for every
λ ∈ Λ′ :=
]
m1m(D)
B′
(
σ(N, p)
pDp
+
g(p,N)
p
)
,
m0
pcpA′
[
,
there exists a sequence of weak solutions for (1.1) which converges weakly to
zero in X.
Proof. For fixed λ ∈ Λ′, we consider Φ, Ψ and Iλ as in Section 2. Knowing
that Φ and Ψ satisfy the regularity assumptions in Theorem (2.7), we show
that λ < 1δ . We know that infX Φ = 0, therefore,
δ := lim inf
r→0+
ϕ(r).
Let {tn} be a sequence of positive numbers such that limn→∞ tn = 0 and
A′ = lim
n→+∞
‖ℓtn‖1
tn
p−1
Set rn :=
m0tn
p
pcp
, for all n ∈ N. Considering (3.2), one has ‖v‖∞ < tn for
every v ∈ X with Φ(v) < rn. Since Φ(0) = Ψ(0) = 0, we have
ϕ(rn) = inf
Φ(u)<rn
(supΦ(v)<rn Ψ(v)) −Ψ(u)
rn − Φ(u)
≤
sup‖v‖∞<tn
∫
RN
F (x, v(x))dx
m0tn
p
pcp
≤
pcp
m0
‖ℓtn‖1
tn
p−1 .
.
Hence, it follows that
δ ≤ lim inf
n→+∞
ϕ(rn) ≤ pc
p lim inf
n→+∞
‖ℓtn‖1
t
p−1
n
= pcpA′ < +∞.
Also, from λ ∈ Λ′, one has
1
λ
> pcpA′, and we get λ <
1
δ
.
Now, we show that zero is not a local minimum of Iλ. Let {dn} be a sequence
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of positive numbers such that limn→+∞ dn = 0 and
B = lim
n→+∞
∫
B(0,D
2
) F (x, dn)dx
dn
p . (3.4)
Also consider {vn} ⊂ X similar to the proof of Theorem 3.1, defined by {dn}
above. By the same argument, we obtain that Iλ(vn) < 0 for n large enough.
Thus zero is not a local minimum of Iλ as limn→+∞ Iλ(vn) < Iλ(0) = 0.
Therefore, there exists a sequence {un} ⊂ X of critical points of Iλ which
converges weakly to zero in X as limn→+∞Φ(un) = 0.
Again, Considering Theorem 2.4, these critical points are also critical
points for the smooth and O(N)-invariant functional Iλ : W
1,p
(
R
N
)
→ R.
Therefore, there is a sequence of radially symmetric weak solutions for the
problem (1.1), which converges weakly to zero in W 1,p
(
R
N
)
.
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